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• A Killing horizon is a null hypersurface H in a pseudo-Riemannian man-
ifold (M, gαβ) which is invariant with respect to a one-parameter group
of the manifold isometries. A generator of the Killing horizon is a null
Killing vector χ.

• The null Killing vector χ has many interesting geometric properties (Carter,
Boyer, Wald):

• χ is the hypersurface orthogonal,

χ[α∇βχγ] � 0 . (1)

• Killing orbits are null geodesics.

• Surface gravity κ,
χ2
,α � −2κχα , κ � const. (2)

• If κ �= 0 and the Killing orbits lying on H are complete geodesics, then
along each orbit there exists a fixed point where χα = 0. A set of such
points forms a spacelike surface of bifurcation of H.
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• Due to special features of a Killing horizon, the spacetime structure takes

a special form on and in the vicinity of it.

• Symmetry enhancement, reducibility of Killing tensor, and simplification

of the Einstein equations for an extremal Killing horizon κ � 0 (Kunduri,

Lucietti, Reall; Bardeen & Horowitz).

• Vacuum and electrovac space-times of local 4D Weyl-type black holes of

Petrov type I become of Petrov type D on the Killing horizon: “appear-

ance” of two repeated principal null directions on H (Papadopoulos &

Xanthopoulos; Abdolarhimi, Frolov, & Shoom).

• Space-time scalar curvature invariants get greatly simplified on a Killing

horizon.

• Regular Killing horizons: finite curvature invariants.

• Example: Kretschmann scalar K = RαβγδRαβγδ
on a Killing horizon of

4D electrovacuum static space-time

K � 3
�
R+ F 2

�2
+ 2F 4 .
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• Stationary and axisymmetric Killing horizons: space-time split.

• Metric of a 4D stationary and axisymmetric space-time in (1+1+2)-form.

ds2 = (�k2 + ωcωc)dt
2 + 2ωadtdx

a + γabdx
adxb ,

γabdx
adxb = −�κ−2dk2 + hABdx

AdxB ,

hABdx
AdxB = hxxdx

2 + hφφdφ
2 , � = ±1 , ωa = ωδaφ .

• The metric gαβ has a two-parameter abelian group of isometries {ϕt,ϕφ}.

• The generators of the group are the commuting nonorthogonal Killing

vector fields ξ(t) and ξ(φ): ξα(t) = δαt, ξ
[α
(t)∇

βξγ](t) �= 0 and ξα(φ) = δαφ.

• Killing vector field: χ = ξ(t) + Ωξ(φ) , ω = gtφ
gφφ

� −Ω = const.

• Killing horizon: k = 0,

χ · χ = �k2 + (ω2 + 2ωΩ+ Ω2)γφφ � 0 .
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• The Einstein equations:

Rα
β = Λδαβ + 8π(Tα

β − 1

2
T δαβ) , T = Tα

α . (1)

• The electromagnetic stress-energy tensor:

Tα
β =

1

4π
(FαγFβγ − 1

4
δαβF

2) , T = 0 , F 2 = FαβF
αβ . (2)

• The 4-vector potential A:

Lξ(t)
A = 0 , Lξ(φ)

A = 0 , A[αξ(t)βξ(φ)γ] = 0 . (3)

• As a result, A depends only on the k and x coordinates and can be pre-
sented in the form

Aα = −Φδ t
α +Aδ φ

α . (4)
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• Curvature invariants on the Killing horizon:

K1 = RαβγδR
αβγδ � 3

�
R+ �Ẽ − 2

3
Λ

�2

+ 4�HabcH
abc

+ 2Ẽ2
+

8

3
Λ2

,

K2 =
∗
RαβγδR

αβγδ � 6�aAB
HaAB

�
R+ �Ẽ − 2

3
Λ

�
,

K3 =
∗
R

∗
αβγδR

αβγδ � −3

�
R+ �Ẽ − 2

3
Λ

�2

− 4�HabcH
abc

+ 2Ẽ2 − 8

3
Λ2

,

RαβR
αβ � Ẽ2

+ 4Λ2
, R = 4Λ .

Here

Habc = 2�S̄a[b|c] , S̄ab = −k
−1ω(a|b) , Ẽ = 16πE .
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How may one locate a black hole?

?
?
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The location of a black hole 
is a delicate issue!
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Generally, the location of the event 
horizon depends on the future 
evolution of the space-time.

However, for stationary black holes one 
may look for a local invariant which is 
generically nonzero off the horizon but 
vanishes on the horizon. 
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Scalar polynomial curvature invariant.

Example 1: Schwazschild space-time,

11

Karlhede invariant :

A. Karlhede, U. Lindström, and J. E. Aman,  Gen. Rel. Grav. 14, 569 (1982)

ds2 = −fdt2 + f−1dr2 + r2(dθ2 + sin2 θdφ2) , f = 1− 2M

r
.

IK ≡ Rαβγδ;�Rαβγδ;� =
720M2(r − 2M)

r9
.
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Example 2: Kerr space-time,
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ds2 = −
�
1− 2Mr

Σ

�
dt2 − 4Mar sin2 θ

Σ
dtdφ+

Σ

∆
dr2

+ Σ dθ2 +

�
r2 + a2 +

2Ma2r sin2 θ

Σ

�
sin2 θdφ2 ,

Σ = r2 + a2 cos2 θ , ∆ = r2 − 2Mr + a2

Horizons:

r± = M ±
�
M2 − a2

Monday, December 7, 2015



Abdelqader-Lake invariant:
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Q2 =
a2 sin2 θ(r2 − 2Mr + a2)

M2(r2 + a2 cos2 θ)

Curvature invariants:

I1 ≡ Cαβγδ Cαβγδ , I2 ≡ C∗
αβγδ Cαβγδ ,

I3 ≡ ∇µCαβγδ ∇µCαβγδ , I4 ≡ ∇µCαβγδ ∇µC∗ αβγδ ,

I5 ≡ kµk
µ , I6 ≡ lµl

µ , I7 ≡ kµl
µ

Here
kµ ≡ −∇µ I1 , lµ ≡ −∇µ I2

         Majd Abdelqader and Kayll Lake,  Phys. Rev. D 114, 141102 (2015)
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Abdelqader-Lake invariant:
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Q2 =
(I5 + I6)

2 − (12/5)2
�
I1

2 + I2
2
� �

I3
2 + I4

2
�

108
�
I1

2 + I2
2
�5/2

Complex syzygy:

∇µ (I1 + iI2)∇µ (I1 + iI2) =
12

5
(I1 + iI2) (I3 + iI4)

Real syzygies:

I6 − I5 +
12

5
(I1 I3 − I2 I4) = 0

I7 =
6

5
(I1 I4 + I2 I3)
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Abdelqader-Lake invariant:
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Another syzygy:

�
�
(I1 + iI2)

4 (I3 − iI4)
3
�
= 0

27
�
I1

2 + I2
2
�5/2

Q2 = 2 �dI1 ∧ dI2�2 ,

�dI1 ∧ dI2�2 = 1
2 [(kµk

µ)(lν lν)− (kµlµ)(lνkν)]
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Theorem:
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For a spacetime of local cohomogeneity n that
contains a stationary horizon (a null hypersurface that is
orthogonal to a Killing vector field that is null there and
hence lies within the hypersurface and its null generator)
and which has n scalar polynomial curvature invariants
S(i) whose gradients are well-defined there, the         n-form
wedge product W = dS(1) ∧ dS(2) ∧ · · · ∧ dS(n) has
zero squared norm on the horizon,

�W�2 ≡ 1
n!δ

α1...αn
β1...βn

gβ1γ1 · · · gβnγnS(1)
;α1 · · ·S

(n)
;αnS

(1)
;γ1 · · ·S

(n)
;γn � 0 .
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Proof:
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• D− dimensional stationary spacetime.

• m− maximal dimension of the orbits of the local
isometry group.

• n = D − m is the local cohomogeneity of the
spacetime.

• ξµ− Killing vector field, which is the generator
of the spacetime horizon and which is orthogonal
to the null horizon hypersurface. ξµ is timelike
in a neighbourhood outside the horizon.
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• Let {S(i), i = 1, ..., n} be a set of functionally in-
dependent, nonconstant scalar polynomial cur-
vature invariants.

• Let {dS(i), i = 1, ..., n} be the set of exterior

derivatives with components S(i)
;µ = ∇µS(i).

• The gradients lie within the n− dimensional lo-
cal cohomogeneity part of the cotangent space.

• The n− form W = dS(1) ∧ dS(2) ∧ · · · ∧ dS(n)

is proportional to the volume form of the n−
dimensional part of the cotangent space.
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• The proportionality depends on the spacetime

point and is nonzero at the points where the gra-

dients dS(i) are linearly independent.

• The hodge dual ∗W is an m− form, which is

proportional to the volume form of the m− di-

mensional part of the cotangent space generated

by the local isometries.

• On the horizon ∗W is null, thus

� ∗W�2 = �W�2 � 0.
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Remarks:
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The n scalar polynomial curvature invariants S(i)

should be chosen to be functionally independent so
that   �W�2 is positive at generic points in the space-
time outside the horizon.

For a spacetime of local cohomogeneity n with a 
Killing horizon that is a locally unique hypersurface,
are there always enough functionally independent
scalar polynomial curvature invariants so that one can
choose n of them such that generically �W�2 �= 0 ?
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Based upon the works
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A. Coley, S. Hervik, and N. Pelavas, Class. Quantum Grav. 26, 025013 (2009)

S. Hervik and A. Coley, Class. Quantum Grav. 27, 095014 (2010)

A. Coley, S. Hervik, and N. Pelavas, Class. Quantum Grav. 27, 102001 (2010)

the answer is rather ‘yes’. 
However, a rigorous proof is needed.
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Examples: (D=4)
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• Spherically symmetric static black hole:
m = 3, n = 1. S = S(r), gαβS;αS;β � 0.

• Stationary axisymmetric black hole:
m = 2, n = 2. I1, I2, �dI1 ∧ dI2�2 � 0.

• Distorted static black hole:
m = 1, n = 3. I1, I3, I5, �dI1 ∧ dI3 ∧ dI5�2 � 0.

• Kerr-NUT-(A)dS black hole: m = 2, n = 2.
S(1) = RαβγδRαβγδ, S(2) = Rαβ

γδR
γδ

�ζR
�ζ

αβ .
Generically, away from the horizon and axes
�dS(1) ∧ dS(2)�2 �= 0, �dS(1) ∧ dS(2)�2 � 0.
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However, there are also certain hypersurfaces away 
from the horizons and axes on which the wedge 
product vanishes!

Even if we take the three scalar polynomial cur-
vature invariants S(1) = RαβγδRαβγδ, S(2) =

Rαβ
γδR

γδ
�ζR

�ζ
αβ , and S(3) = Rαβγδ;�Rαβγδ;� and

construct the three pairs of wedge products, W12 =
dS(1) ∧ dS(2), W23 = dS(2) ∧ dS(3), and W31 =
dS(3) ∧ dS(1), each of them will vanish on certain hy-
persurfaces. Moreover, the sum of the three squared
norms of the wedge products vanishes at certain sets
of points in the spacetime away from the stationary
horizons and fixed points of the isometries.
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General procedure:

24

Let us take {S(i), i = 1, n + p} with sufficiently

large p. Then there are N = (n + p)!/(n!p!) ways to
form the n−form

Wi1···in = dS(i1) ∧ · · · ∧ dS(in) .

One can multiply each squared norm �Wi1···in�2 by

Pi1···in = �dS(j1)�2×· · ·×�dS(jp)�2 , jk �= il ; k, l = 1, n+p

and then sum over the N choices to get an invariant

I(p) =
N�

i1<,...,<in≥1

Pi1···in�Wi1···in�2 .
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Summary
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We constructed local invariants on any 
stationary horizon including vanishing ones.

The construction of the vanishing invariants 
doesn’t assume the Einstein equations.

The invariants might be useful for numerically 
estimating the location of horizons.

Nonstationary spacetimes: defining 
curvature invariant quasi-horizons.
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Thank you!
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