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e A Killing horizon is a null hypersurface H in a pseudo-Riemannian man-
ifold (M, gop) which is invariant with respect to a one-parameter group
of the manifold isometries. A generator of the Killing horizon is a null
Killing vector .

e The null Killing vector x has many interesting geometric properties (Carter,
Boyer, Wald):

e '\ is the hypersurface orthogonal,
o B X — U (1)

e Killing orbits are null geodesics.

e Surface gravity s,
D2
X i

Y

s = CONSE. (2)

e If kK # 0 and the Killing orbits lying on H are complete geodesics, then
along each orbit there exists a fixed point where y* = 0. A set of such
points forms a spacelike surface of bifurcation of H.
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e Due to special features of a Killing horizon, the spacetime structure takes
a special form on and in the vicinity of it.

e Symmetry enhancement, reducibility of Killing tensor, and simplification
of the Einstein equations for an extremal Killing horizon x = 0 (Kunduri,
Lucietti, Reall; Bardeen & Horowitz).

e Vacuum and electrovac space-times of local 4D Weyl-type black holes of
Petrov type I become of Petrov type D on the Killing horizon: “appear-
ance” of two repeated principal null directions on H (Papadopoulos &
Xanthopoulos; Abdolarhimi, Frolov, & Shoom).

e Space-time scalar curvature invariants get greatly simplified on a Killing
horizon.

e Regular Killing horizons: finite curvature invariants.

e Example: Kretschmann scalar IC = RQBW(SRO‘BV‘S on a Killing horizon of
4D electrovacuum static space-time

K=3(R+F2)+2F*.
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e Stationary and axisymmetric Killing horizons: space-time split.

e Metric of a 4D stationary and axisymmetric space-time in (14142)-form.

g e e e ) Yapdztdz®
Yapdz?dx® = —ex2dk® + hapdx?dz?
B i e =M - e e B

e The metric g, has a two-parameter abelian group of isometries { ¢, @4 }-

e The generators of the group are the commuting nonorthogonal Killing
vector fields £,y and €4y €% = 0%, £ VPE]) #0 and £ =69,

Jt¢ 2 ) = const.
9o

o Killing vector field: x = &) + €4, w=
e Killing horizon: k = 0,

XX=€/€2+(w2+2wQ+Q2)7¢¢éO
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e The Einstein equations:

(8% (8% (87 1 (8%

|
s
Q
& i
EE
e

e The electromagnetic stress-energy tensor:

87 ]‘ (87 1 (87 (87
Tg:Z;GWU%T—Zéﬂﬂ% TR B S meeE gn ey aGes )

e The 4-vector potential A:

e A= (o

&) ey A=0,  Anfwplg)y =0 (3)

e As a result, A depends only on the k£ and x coordinates and can be pre-
sented in the form

Ay = _(I)5ozt s A5a¢ : (4)
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e Curvature invariants on the Killing horizon:

ESeN LERS
,Cl = RaﬁqﬁRaﬁfyé == 3 (R —|— 65 TEA gA) —|- 4€HabcHabC —|— 252 —I— §A2 ]

SIS
ICo :*Ragfy(sRaB/yé — GEQABHCLAB (R + £ — §A> ,

8

PR v :
Ko =Ry L RePIG = 3 e giie N L E T A [ HOUSAE0 8200 e A2
aByo 3 3

R — 5 N2 o

Here

~

g B 265@[b|c] , S — —k_lw(a|b) ; =160
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How may one locate a black hole?
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The location of a black hole

s a delicate issue!
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° General

horizon

evoliutio

* Howeve

mag lOO

lg, the location of the event

clel:)encls on the ‘Cuture

n of the space~time.

- for stationarg black holes one

< for alocal invariant which is

generica”g nonzero off the horizon but

vanishes on the horizon.

10
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o Scalar oolgnomial curvature invariant.

& r

* Dxample I: Schwazschild sl:)ace~time,

2M
—1

ds? = e e e e —

Karlhede invariant :

720M?(r — 2M)

T ERO‘BWS;ER o
K afPyo;e 9

A. Karlhede, U. Lindstrom, and J. E. Aman, Gen. Rel. Grav. 14, 569 (1982)
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* Example 2: Kerr space—-time)

IMr AM ar sin? 0 >
R it 2 = e
5 — <1 3 >dt S dtdo + : dr

2M a?r sin® @
+ 3 do? + <r2+a2 I a;sm >sin2 9d¢27

Y =r?4+a%cos’f, A=1r°—2Mr + a°

o Horizons:

7“_g:]\4::\/]\42—a2

12
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® A]:)clelqaclewl_ake invariant:

goninedles — 20 Tan)
M?(r? + a? cos? 0)

Majd Abdelgader and Kayll Lake, Phys. Rev. D 114, 141102 (2015)

Q2 =

o Curvature invarants:

Il — CaﬁfycS Caﬁfyéa 12 — C*aﬁfyé Caﬁyév
IS oab e vl gnRle TRE 0 TaNAIE et
Poi—lo ol =l ISl
Siacrc
B Ne ol e = N el

]5.
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® Abclelqadexﬂ-l_ake invariant:

(Is + Fo )i (32/5)° (B2 4 LA (13° + 1%

-
el 1,000

* Complex SYZYgy:
Gl L (1, BN %2 L T

+ Real sgzygies:

12
Io—Is+ = (W15~ I 1s) =0

§
e . ([ Iy + I3 I3)

15k
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® Abclelqaclera-l_ake invariant:

DT (2% 140 R0 = o fldl AdbL)P

|l A dDo|? = 3[(kuk*)(117) = (kul®) (1K)

+ Another sYzygy:
3[(11 Gl (Lo 114)3} 0

_15..
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° Theorem:

For a sl:)acetime of local cohomogeneitg n that

contains a stationarg horizon (a nul ]’IHPCI‘SUHCBCC that is

orthogonal toa Ki”ing vector field that is null there and

' hence lies within the lngl:)ersur'ace and its null generator)

' and Wl’)ICh l’las g scalar Polgnomlal curvature invariants

S whose graciients are well-defined there, the n-form
wedge Procluct W =dSMD AdS@ A ... AdS™ has

L zero squarecl norm on the horizon,

HW||2 = 1 5051 gn96171 - gﬁn’)/ns( ) S(n) S’(’%l) S’(;}'z et O :

_]6 -
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* Proot:

e [D— dimensional stationary spacetime.

e m— maximal dimension of the orbits of the local
1Isometry group.

e n = D — m is the local cohomogeneity of the
spacetime.

o {#— Killing vector field, which is the generator
of the spacetime horizon and which is orthogonal
to the null horizon hypersurface. &" is timelike
in a neighbourhood outside the horizon.

i/
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o Let {S(i),i = 1,...,n} be a set of functionally in-
dependent, nonconstant scalar polynomial cur-
vature 1nvariants.

o Let {dS(i),z’ = 1,...,n} be the set of exterior

derivatives with components S;(i) — Vgl

e The gradients lie within the n— dimensional lo-
cal cohomogeneity part of the cotangent space.

e The n— form W = dSM AdS®) A ... A dST)
is proportional to the volume form of the n—
dimensional part of the cotangent space.
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e The proportionality depends on the spacetime
point and i1s nonzero at the points where the gra-
dients dS\*) are linearly independent.

e The hodge dual *xW is an m— form, which is
proportional to the volume form of the m— di-
mensional part of the cotangent space generated
by the local isometries.

e On the horizon ¥ is null, thus
|« W|* = |W]* =0.

19
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+ Remarks:

o The n scalar Polgnomial curvature invariants S

shou d be chosen to be gunctionang independent SO
that [|W||? is Positive at generic Points in the space-

time outside the horizon.

s=Fora spacetime of local colﬁomogeneitg n with a

Ki”ing horizon that is a oca”y unique hgpersumcace,

are there always enoug‘n Functiona”g in&epen&ent
scalar Polynomial curvature invariants so that one can

choose n of them such that genericang W #£0 7

%)
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+ Based upon the works

A. Coley, S. Hervik, and N. Pelavas, Class. Quantum Grav. 26, 025013 (2009)
S. Hervik and A. Coley, Class. Quantum Grav. 27, 095014 (2010)

A. Coley, S. Hervik, and N. Pelavas, Class. Quantum Grav. 27, 102001 (2010)

the answer is rather ‘yes’.
Y

However, a rigorous |:>roomC s needed.

C—— S == — e— PSS —

21
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* Examl:)lesz (D=4)

e Spherically symmetric static black hole:
D= R s Bl R [

e Stationary axisymmetric black hole:
o2 =2, 5, L |l dhonad e = 0

e Distorted static black hole:
1285 = 1,7L = 11,13,15, ||d]1 7 d[g /\ dI5H2 — (K

e Kerr-NUT-(A)dS black hole: m = 2,n = 2.
« o o) €

$0) = Rags B0 500 = RUGRY Ros

Generically, away from the horizon and axes
1dSM A dSO|2 £ 0, [|dSD A dS@|2 = 0.

2z
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However, there are also certain hgpersumcaces away

from the horizons and axes on which the weclge

Prociuct vanishes!

Even if we take the three scalar polynomial cur-
vature invariants S = RangO‘B’V(S, S —
BoR R Atk s R Y o
construct the three pairs of wedge products, Wis
dSW A dS2), Was = dS? A dS®), and W3 =
dSB) AdS™M | each of them will vanish on certain hy-
persurfaces. Moreover, the sum of the three squared
norms of the wedge products vanishes at certain sets
of points in the spacetime away from the stationary
horizons and fixed points of the isometries.

25
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° General l:)roceclure:

Let us take {S(i),i = 1,n + p} with sufficiently
large p. Then there are N = (n + p)!/(n!p!) ways to
form the n—form

W, s el e s e in e

1.../L.n

One can multiply each squared norm ||W;,..; ||* by

Py = [[dSYUY 2 x [|dSYURP i # sk L= 1 nbp

1.../Ln
and then sum over the N choices to get an invariant

N
R s DN s

&
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Summarg

* We constructecl loc:al invariants on any

stationary horizon incuucling Vanishing ones.

o The construction of the vanishing invariants

doesn’t assume the Einstein equa’cions.

& The invariants rnigh’t be useful for numerica“g -

estimating the location of horizons.

= Nonstationary spacetimCS: cﬂeﬁning

curvature invariant quasi~horizon5.

25__.._
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