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< Observations reveal that the large scale wnlverse is expanding,
and yet that there is a plethora of bound structures on the smaller
scales.

L)

* The tdea underlying the viewpoint of structure formation from
gravitational tnstability is that the collapse of the over-densities
departs from the general expansion of the universe.

L)

L)

* n this talk ( report on investigations of spherically symmetric
spacetinmes aiming at obtaining the conditions for the existence
of shells dividing expanding and collapsing regions.
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Motivation

- Models of structure formation
assume that swmall local tn-
homogeneities grow odue to
gravitational instability

- so that the over-densities
collapse and eventually form
the “bound’”” structures we
observe i the present universe.
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- Awn idea underlying this viewpoint is that the collapse of the over-
densities eventually departs from the general expansion of the
universe.

1 a

instituto de astrofisica
e ciéncias do espacgo

). Mimos GR 100 Years 2015 4
. LMLOSO



- Local phystes seems to be immune to global Physies
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Are there specific scales for gR being inescapable?

At present, observations seem to indicate that
superclusters of galaxies 230 Mpe have not Yyet started to

ooLLapse.

Ow the other hand, at earlier stages of the expansion of
the universe the high mean density makes even modest

density fluctuations strongly relativistic at much
smaller scales...
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Static (Schwarzschild 1916, de Sitte

Sphericall Expanding (Friedmann 1921,
symmetric Lemaitre 1526-1933

Tolmawn 1924,...) 3
Models —

Contracting (Lewmattre 1922, Tolman 1924,
Bowdi 1947, ChandrasekRhar 1930, ...)
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(1929) R. Oppenhelmer and G. Volkoff derived a condition for the
equilibrivum of a spherical configuration such as a (neutron) star. It
became kinowwn as the TOV equation of state

dP  (p+p)M/r’ +4aPr)

dr 1-2M/r
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Also tn 1939, Oppenheimer and Snyder put forward an influential
Model of spherical collapse: a closed FLRW embedded in a
Schwarzschild solution.

n 1972 Gunin and Gott extended the Latter tdea for spherical
collapse moolel with Lsothermal spheves.

[more recently...Mawnera § Mota, 2006, Nunes § Mota 2006,
Pace et al 2010...]
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Stmilar concerns have been pursued in several works in the Literature:

H. Bondi, MNRAS 142 (1969) 142); (bownces of uniform spheres)

W. B. Bonnor, Mon. Not. R. Astron. Soc. 167, 55 (1974) (inhomogeneous)
). Barrow, G C,aLLowag, and F.TLpLer, MNRAS 223 (1986) (recollapse)

B. Carr, A. Coley, Phys.Rev. Do (2000) 044023 (self-similar collapse)

How Local physics departs and becomes immune from the global expansion?.

A.Blnsteln and E.G. Strauss, Rev.Mod. Ph Ys. 17,120 (1945),
tbid 12,148 (19406)

G. F. R. Ellis, Local and global Physics, int, ). Mod. Phys ALF, 2667 (2002)
V. Faraoni and A. Jacques, Ph Ys. Rev. B F6, 063510 (2007),
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A.Binstein and €.G. Strauss, Rev.Mod. Phys. 17,120 (1945),
toid 12,148 (1946)

G. F. R. Bllis, Local and global Physics, int, ). Mod. Phys ALF, 2667 (2002)

V. Faraoni and A, jacques, Ph Ys. Rev. B 76, 063510 (2o07#),

A. Chamorro, “A Kerr cavitg with a small rotation parawmeter embedded L
Friedmann universes”, GRG 20, PP-1309-1323:

V. Marra, €. W.Kolb, S. Matarrese, A. Riotto, PRD F#6, 123004, (2007)

Review (see refs therein):
Mars, Mena, Vvera, general
Relativity and Gravitation,
Vol. 45, lssue 11, PP-
2143-2173
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-Ow a different context, L. Herrera and co-workers have studied the

“cracking’” of compact objects itn astrophysics using small anisotropic

perturbations around spherically symmetric homogeneous fluids
L equilibrivm.

L. Hervera, Phys . Lett. AL 6 5, 206 (1992)
A. DL Prsico, L. Herrera, V. Varela, GRG 29, 1239 (1997)

- The latter references are concerned with the existence of a shell

where there s a change in the direction of the radial force acting on
the particles of the shells. wWhenever this happens one has what they
termed as a cracking situation, a concept introduced by Herrera in

1992 (PLA 165)
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Familiar LTB form of Elnstein equations:

2
ds’ =—di? + )R 200
1+ E(t,R)
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The LT® dust solutions

0 M = M(R)
dn=E & E = ER
r

4 MR N\ ~

) = 2E(R) (1) h(n) =n-sinn if E <O
M(R) h(n)=smmhn-n if E>0

t—t,,(R) = - h
. (R) 2(\/5) (77)/ \_ %
3\2M(R)
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r?(t,R) =+
E (t,R) 5

(t=155(R)) }
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Turwiw@ poiw’c

;/'-2=O <:>2_M+ér2+E=O
r 3
f A=0 regulres E<0
But r=—M2<O
r
M A
f=——+4+—r</>0
rt 3 /
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Owne needs to consider more general wmodels
thaw the canonical dust LT®
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z+1 Splitting  N¢ 1= —nn,, heb := g + papb,

‘ n,:=—avV,t =|[—a,0,0,0]|(n,n® = —1)

Use generalised Painlevé-qullstrand coords (also, gautreauw)
[Lasky and Lun PRD 2006, 2007]

o, (dR+B(t.R)dr)

2 2 2 .2 2
ds” =—-a dt” + +r (t,R)(dH +sin” 0d¢ )
1+ E(t,R)
d = Lapse function, . B =sh£-fi: function, € =curvature-energy
t+dt
gdt. ;
| n(zb)dt
aetdt 7
¢ | '
t— dt \'
1 a
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Do =+1 dcoompositiow

1
a .

rab =,On anb +phab _|_Hab _|_2]‘(anb)
o, =0(t,R)P,

P’ = diag(-2,11) E, =3(tR)P
ab = s ab

1, =TI(+,R) P,

1 1
— (Dan -53 gachDc)a =¢(t,R) P,
a 1
= . 3 3 3
H n . Rab _5 R gab = Q(t’R) Pab
EHU-BLLbao October 2014 19
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ntroducing the Misner-sharpe (also ADM) mass

. , M = f or’dr
And restricting to a perfect fluiol

M=4J‘L’PI‘2/J’=4J'L’PI‘20{\/2M +/3\r2+E
r

1+E I+ E \/2M A
P o

Er' =2

P'p=2 +—1’+E
p+P p+P r 3

Blancht contracted Loentities 1,,=0

=n"T;, ==L, p~(p+P)O=0

= P' = —(,0+P)ﬁ

O [Lasky and Lun PRD 2006, 2007]
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Local conditions for a dividing shell:

P’+4JtPr+—2
po+P r

1+E M}

o

ﬁ) =0 )
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NB: € Ls not 2-curvature!

R 1
2 7

[(1 +EN? + Err +2(1+ E)rr' - 1]

But the turning poiw’c reguires Positi\/e curvature

2 3
Q) R >
+—=8m0+3a" +A
3 2
o _ 2]
E=0
_______________ ~£>0 F—0
r
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“lLLustratiow" .. \-cDM

(—27l - ’}T‘Z) 3 W
., \‘," \ ‘r

Elim — (3M |; VA

—— -

3/ 3M
. Tlim = T’
< | - T 2
Elim. = - (3*7‘[)3 AT = _Arlim
FIG. 1 (color online). Kinematic analysis for a given shell of
constant M and E. Depending on E relative to E);,,, the fate of
the shell is either to remain bound (E - < Ej,,) or to escape and
cosmologically expand (E. > Ej;,). There exists a critical be-
havior where the shell will forever expand, but within a finite,
bound radius (E = Ej, = rjy). The maximum occurs at
® D J3M/A.
1
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E')

1':! m

FIG. 1 (color online). Effective potential kinematic analysis (left) and phase space analysis (right) from [5). The kinemsatic analysis
for a given shell of constant M and £ depict the fate of the shell, depending on E relative to E;,.. 1t either remains bound (£ < E_)
or escapes and cosmologically expands (E. = E;;..). There exists a critical behavior where the shell will forever expand, but within a
finite, bound radius (E = E,.. r = ;). The maximum occurs at r,., = J3M/A. The corresponding phase space behavior follows,
the scales are set by the value of ry,, = J3M/A while the actual kinematic of the shell is given by E.

o Ol N
1A

instituto de astrofisica

® ciéncias do espaco EHU-BiILbao October 2014
J.P. Mumoso

4



Figure 1. A sketch of the worldlines for the second dust+A
example of Ref. [20]. The initial condition are typical of cos-
mology. In this case, the points of 8 are the areal radius
turnaround events while those of © are its zero acceleration
events. Both asymptote to the MTS.
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A wore realistic approach regquires the consideration
of a more general content with anisotrople stresses
and, most LLK%&LH, energy transfer (heat flow)as well.
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Models with anisotropie pressures (but without heat
fluxes)

=(p +Phn,n, +Pg,, +2jdw, +11,,

K.

i _% 'L’J K = a(t, r)P,]

Hij .= H(f, r)P,J

3RU — % L;; R = g1, r)P;;.
E1y = (t; 1) Py

(L, R)? = ZTM +(1+ E)("R) — 1.

dr
R=r—= a%r =1 .
Ja d R
ﬂj +4m7(P —2I1)R = 1T E (,a (,R — L,°R,
R~ a dr Jr

L M= —477R3[(P —2II)L,R + j?Xl - E)]
i
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2

R+ 592 — 6a® =167p + 2A
2L,0 — %312 — 6% — 9a* + %D“Daa —247 P — 3A,
—Lypa+ afl + € — g =8m1l.
(Lnr)2=g+E=O
L2y = %+4W(P—2n)r— 1J;E gf —0.
_% ?)»C:: (p+Pl—2n) ;'(P_zn)_g

_J)-P. Mimoso
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J
-

Lrna=—a0 +¢—q+ 8xll
L.=—4xL ]l -4x (p+ P—2Il)a

— (3% + 4xll) (% +a) ,

9-0 ’——‘Sar—’
3 Ty

43—1 (p+3I) = -X' - 3(L + 4xIl) r;’

2
+ 0% + 9a” - aD“D‘,a + 247w P — 3A,

R+ ge? — Ga’ =16z p + 2A,
Lop=—86(p+ P)—6lla
0 = (D* + it*) (I + haeP) + [p — (P — 2I)] i,
—n; OF + 6lla).

GR 100 Years 2015
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Dletlona ry

O ba) =L
3 o
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r
gTOV=Ln2r=()=£2+4ﬂ(P_2H)r_(1+E) dcx
r o or

IWustrations are givew by Hervera’s cracking phenomenown, and by an
extrapolation from the solution by R.Sussmaw and B. Pavén, PRD &0,
104022 (1999) generalising it to the cases where E is not vanishing

L a—a®+e—qg=8rx1l

E—q = Sall=2> [Mimoso § Crawford, CRG 1993,
CDLeld § Mac Manus, CRG 1334]
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Cracking

R = g’])_r+ (p+Pr)(’" + 47”‘3pr) + 2(Pr _P_L)

dr

r2(1 = 2m/r)

3e-007-, i \ : )
. / \ \ \ \k\
2e-007-4 | / ///q\‘\\ \-\g \ \ ,\
VRN
| / : N \ \ . \\
| \ A
/ \ NS \
1e-0974 / . \\ \\ \\
|,/ / I . \\ \\ \\\\ \\ |
/ - SO
/ \\ \\\ \\\\
¢ 0.2 0.4 N OTE %‘
\}\\\\‘\,\\« - ‘d‘\,g\\ "~ \\ \\.\\;\\\\\ \\
S i
| e e N ———
-1e-00T

L. Hervera, Phys . Lett. AL 6 5, 206 (1992)
oy A DLPrsieo, L. Hervera, V. Varela, GRG 29, 1239 (1997)
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Cracking .

m‘.,ﬂ'M
(=]
v

FIG. 5: Case I: m7/M as a function of = for n = 1 and
aly): 8 x 107'1(0.3991) (curve a), 107'°(0.4019) (curve b),
2 % 107'°(0.3998) (curve c), 4 x 107'°(0.3858) (curve d).

Hervgra, DL Brisco, Barretp, OSpino, preprint 2014 .,
More stable configurations should support'larger swq‘%lce gravitational

potentials. The Tolman mass, the measure of active gravitational mass, is

not a monotically inereasing function for the cases ¢ and d. This means

that there is a source of instability leading to cracking/splitting under
. perbatiows.

) E’i
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Mt = M(R)
Sussman and Pavon PRD 1999
y W(R)r:(R)
' Mypad —

M Wr FOM W
2 2 i ;
# = (27 + Tt ) FT TR
"V?‘i'
o3 = 47 (P — 2IT) r.
- / M,
W,=-M. =W(R)<0 &P <?2IL.. “ 7\ 8 (2L - P)
E,=- % = — /8 (2I1, — P.):\r[.f.: = M.TW. < 0.

1Aa
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From local to global?

Shell crossing in initially expanding N -

CDM
Assumptiows:

(1) Regular dewsita distribution (no vacuum at the center,
finiteness of mass)

(2) nitial Hubble-type flow >> E<Elim at center

2 3M
Flim = \f T

W

B = — (3M)% A

A2
= —M\1 lim:

(3) Asyweptotic spatial cosmological behaviour (—->

o )
iags

mttut d t ofis
PG
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Now—LocaLit5:
F= ry,

(&)= Ae+3)= (@G = [ e () 5 [t
¢+ =@k Lo T
- ERU. [+ prov-o
alrz[rga,(g)m— f ;®r2dr:|=gTOV. - -
@), - Lrora)re] - frome

o
Al(a), [ ere]
= ndd—) — Ordr| « , ”
arz[ro('(a' S Cracking (Herrera

(44

L H Ph Lett. A 165, 206 (1992 1992
e,_rf era ys a4y (A ?_ A. Di Priscoi.ﬁ Her)rera, E. Fuenmayor, and V. Varela,
la.. Phvs. Tett. A 195 23 (1994).
GQR 100 Years 2015 26
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(5) Local mass of crossing shell Ls conserved

Unbound shells
Bound shells
3 [ 3M
rri. = _.
lim A , E— B (R.) .

2 1 , F=F+R< R) E=F-(R> R,

12 i >\ 1)

Elim = (3‘[)*; AT = —."\llz-m, N N 2

o

Unbound shells

Bound shells

. E = Ey, (R
instituto de astrofisica qR‘ 100 Yca rs 2015 lim| T
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lim

Elll,l 0 .

8K — l‘;uvn,(]l)‘ < _7
E \\\\\
) \le / \\\ 2’5-‘[
R _”_
/ E, 5 \\\’\["”!

O0M crossing 4

For ry <7

Figure 4. Effect of an ingoing, infinitesimal test shell-crossing
on the energy and critical energy profiles, around the local
initial configuration for the overcoming of Ejim by E. The
initial intersection shell becomes bound on such perturbations
and the local intersection shell shifts outwards in radius.
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OM crossing BN ] .

For T < Tlim

Figure 5. Effect of an outgoing, infinitesimal shell-crossing on
the energy and critical energy profiles, around the local initial
configuration for the undercoming of Ejim by E. The initial
intersection shell becomes unbound on such perturbations and
the local intersection shell shifts outwards in radius.
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OM crossing

For v < 7im

Figure 6. Effect of an outgoing, infinitesimal shell-crossing on
the energy and critical energy profiles, around the local initial
configuration for the overcoming of Ejim by E. The initial
intersection shell becomes unbound on such perturbations and
the local intersection shell shifts inwards in radius.
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inward 6 M crossing |
VR, 7% < Tiim AN

Figure 7. Effect of an ingoing, infinitesimal test shell-crossing
on the energy and critical energy profiles, around the local
initial configuration for the undercoming of Ejim by E. The
initial intersection shell becomes bound on such perturbations
and the intersection shell shifts inwards in radius.
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EF — —kripw.F ?:

E f r'e?v""

] ,// .". R

/R

) ree
/
/./
S R=% R éree
~—__ | ~ never crosse
~f_ by inner shells

innermost R, |= R,; N\~
* *N sz \\\\

outermost R,|= Ryour O\

\
\
\

R < R, never crossed \
by outer shells Ey;,, — — (4 /:)b‘:in‘:\f; R2

Figure 8. Open background with arbitrary central mass distri-
bution and a single local undercoming intersection. It always
gives protected inner shells as well as unmodified cosmological
expansion, when keeping integrability despite shell-crossing.
Shell crossing entails no fundamental modification.
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pual null formalism

Mactiel Le Delliow, JPM PRDI2 (2015)
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Conclusions

2 local conditions for the existence shells  separating an tnner
collapsing region from an outer expansion.

(L) Aparticular balance between the so-called energy

function of the model and the potential energy (Existence
of turning point).

(L) A statiowarita conditton whteh demands that a
generalization of the Tolman-oOppenheimer-volkov

equilibrium condition be satisfied by the separating
shell.

A4

(tit) The latter Ls an integral form of the generalized
Raécha wdhurt equation.
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Introducing the Misner-Sharp mass [18] and following |9]

M' = 4mpriy’ (1.22)
it is possible to derive®
(Lor)? = 2;:"’ +(1+E) () -1+ %ArQ (1.25)
and
. N !
-Lir= r_'f +4w(P - 2[l)r — (1 + E) %r' - é:\r . (1.26)

This allows us to extend the generalization of the TOV function made in [1| to the case where
anisotropic stresses are present:

gTOV = L2 r. (1.27)

7

r

o 1 Ay e
arie (o= P20 [(P—ZH) — 611

gTOV = -L3r = % + 4w (P - 2M)r

. (+E)Y
(p~ P —20)

hP—QHY—GHﬂ—}Ar
r 3

1 a
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& 1 e \’
Ln (§+a) —€+£D Dka (§+a)
A

- {2+%"[p+3(1’—n)j} +3

(2.19)

L.0=— %ae +a’+e— (¥ —4nll), (2.20)
L. =—4n {L, I+ a(p+ P - 21I)}

— (3X + 4xII) (%9 + a) , (2.21)

S 9-{—0 2_87rp 22+é+2a 9+a

/

' r’ 4
(P —211)' =61 — (p+ P — 21I) ‘;

(2.24)
S ' r' .
(3-+a) ——3ar, (2.25)
ar , ((E+4zI)r®)
?p + 3 =0 . (226)

1Aa
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Familiar LTB form of Elnstein equations:

ds*

2
T R e 2oy

1+E(T.R)

B=—i

7 =a2(2M +Ar2+E)
r 3

7 =a2(2—M+Ar2+E)
ro 3

qrR 100 Yea rs 2015
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We find that the separating shell is defined by a
generalization of the Tolman-Oppenheimer-volkoff
(Tov) equilibrium condition.

The latter establishes a balance betweew the pressure
gradients, both isotropic and anisotropic, and the strength
of the fields tnduced by the Misner-sharp mass tnside the
separating shell and by the pressure fluxes.
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